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Abstract
Recently, Ja¨ger andWillenbrock have shown that the Appelquist and Chanowitz
bound on the scale of top-quark mass generation can formally be saturated at
tree-level in a particular limit of a two-Higgs doublet model. In this note I
present an alternate derivation of their result. I perform a coupled channel
analysis for f f¯ → VLVL and VLVL → VLVL scattering and derive the condi-
tions on the parameters required for f f¯ → VLVL scattering to be relevant to
unitarity. I also show that it is not possible to saturate the bound on fermion
mass generation in a two-Higgs model while maintaining tree-level unitarity in
Higgs scattering at high energies.
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Appelquist and Chanowitz [1] derived an upper bound on the scale of fermion
mass generation by examining the inelastic scattering amplitude f f¯ → VLVL, where
VL denotes longitudinally polarized W or Z gauge bosons. In the absence of the
Higgs boson, or another dynamics responsible for generating fermion mass, this
amplitude grows with increasing center-of-mass energy. This tree-level amplitude
would ultimately violate unitarity at a sufficiently high energy Λf . Therefore, one
concludes that the scale associated with fermion mass generation is bounded by Λf .
The strictest bound for a fermion with mass mf is obtained from the spin-zero,
weak-isosinglet, color-singlet amplitude [2]
Λf <
8piv2√
3Ncmf
, (1.1)
where v = 246 GeV and Nc is the number of colors (3 for quarks and 1 for leptons).
The strongest bound occurs for the top quark. With mt ≈ 175 GeV, the upper
bound (1.1) on the scale of top mass generation is Λt ≈ 3 TeV.
On the other hand, in the absence of a Higgs boson or some other dynamics
responsible for electroweak gauge-boson mass generation, the elastic scattering am-
plitude VLVL → VLVL grows quadratically with center-of-mass energy. Therefore,
one concludes that the scale associated with gauge boson mass generation is bounded
by a scale ΛEW where the elastic scattering amplitude would violate unitarity. The
strictest bound is obtained from the spin-zero, weak-isosinglet scattering amplitude
[3, 4, 2]
ΛEW <
√
8piv ≈ 1.2TeV . (1.2)
Since ΛEW is less than Λt, it is not clear that the bound (1.1) is relevant [1, 5]. The
physics responsible for unitarizing the elastic gauge boson scattering amplitude may
unitarize the inelastic tt¯→ VLVL amplitude, as happens in the standard one-doublet
Higgs model.
Recently, Ja¨ger andWillenbrock [6] have shown that the Appelquist and Chanowitz
[1] bound (1.1) on the scale of top quark mass generation can formally be saturated
at tree-level in a particular limit of a two-Higgs doublet model. In this note I
present an alternate derivation of their result. I perform a coupled channel analysis
for f f¯ → VLVL and VLVL → VLVL scattering and derive the conditions on the
parameters required for f f¯ → VLVL scattering to be relevant to unitarity. I also
show that it is not possible to saturate the bound on fermion mass generation in a
two-Higgs model while maintaining tree-level unitarity in Higgs scattering at high
energies.
Consider the general potential in a two-Higgs model written in the form [7]
V (φ1, φ2) = λ1(φ
†
1φ1 − v21/2)2 + λ2(φ†2φ2 − v22/2)2
+ λ3
[
(φ†1φ1 − v21/2) + (φ†2φ2 − v22/2)
]2
+ λ4
[
(φ†1φ1)(φ
†
2φ2)− (φ†1φ2)(φ†2φ1)
]
1
+ λ5
[
Re(φ†1φ2)− v1v2 cos ξ/2
]2
+ λ6
[
Im(φ†1φ2)− v1v2 sin ξ/2
]2
, (1.3)
where φ1 and φ2 are weak doublet scalar fields with hypercharge +1/2. For simplic-
ity, in the following we will set ξ = 0. In order to obtain the correct gauge boson
masses, we must require that
v21 + v
2
2 = v
2 ≈ (246GeV)2 . (1.4)
We also impose a softly broken discrete symmetry under which φ1 and the right-
handed down-quark and charged-lepton fields change sign. This symmetry elimi-
nates an extra terms which would otherwise have been present in (1.3) and it insures
that only φ2 contributes to up-quark masses in general and the top-quark mass in
particular.
In this language, the limit considered by Ja¨ger and Willenbrock [6] corresponds
to λ5 → ∞ [8], λi (where i = 1 − 4 or 6) small, and v2 ≪ v1 ≈ v. Note that this
is a non-decoupling limit [5, 6] in that a dimensionless coupling, λ5, is taken large
instead of a dimensionful one [9].
The vacuum expectation values (vevs) and neutral scalar fields can be written
φ1 →
(
0
(h1 + v1)/
√
2
)
& φ2 →
(
0
(h2 + v2)/
√
2
)
. (1.5)
In the limit considered, the dominant contributions to the neutral scalar masses
come from the λ5 term above, which gives:
λ5
4
[v2h1 + v1h2 + h1h2]
2 . (1.6)
From this we immediately see that the combination
H =
v2h1 + v1h2√
v21 + v
2
2
(1.7)
has approximately the mass
m2H =
λ5v
2
2
. (1.8)
In contrast, the orthogonal combination
h =
−v1h1 + v2h2√
v21 + v
2
2
(1.9)
has mass
m2h = O(λiv2) (1.10)
2
with i = 1−4 or 6, and remains light. In the two-Higgs notation employed in [6, 10],
these relations may be written
cosα ≈ sin β ≈ v2
v
, (1.11)
and
sinα ≈ cos β ≈ v1
v
. (1.12)
In the limit λ5 →∞ and v2 ≪ v1, one can easily verify that the corrections to the
expressions given above for the neutral scalar masses and mixings are suppressed
by λi/λ5, v2/v, or both.
Recalling that only φ2 couples to the top quark, we find the couplings of the
neutral scalar fields to the top quark are
√
2mt
v
t¯t
(
cosα
sin β
h+
sinα
sin β
H
)
. (1.13)
Note that the coupling of h to the top-quark is approximately equal to that of the
standard model Higgs, while the coupling of the H is enhanced by v1/v2 ≫ 1. The
couplings of the neutral scalars to W and Z gauge boson pairs is
2
v
(sin(β − α)h+ cos(β − α)H)
(
M2WW
µ+W−µ +
1
2
M2ZZ
µZµ
)
. (1.14)
From eqns. (1.11) and (1.12) above, we calculate
sin(β − α) ≈ v
2
2 − v21
v2
= −1 +O
(
v22
v2
)
, (1.15)
and
cos(β − α) ≈ 2v1v2
v2
=
2v2
v
+O
(
v32
v3
)
. (1.16)
Next consider scattering amplitudes in the range of energies mW,Z ,mh,mt ≪√
s≪ mH . VLVL elastic scattering is largely unitarized by h exchange. The properly
normalized tree-level, spin-zero, weak-isosinglet amplitude is
Ael(VLVL → VLVL)|√s≪mH =
s
16piv2
(
1− sin2(β − α)
)
≈ s v
2
2
4piv4
, (1.17)
where s is the center-of-mass energy squared.
The scattering amplitude for tt¯ → VLVL grows in this region since
√
s < mH .
The tree-level spin-zero, weak-isosinglet, color singlet amplitude is [2]
Ainel(tt¯→ VLVL)|√s≪mH =
√
3Nc
√
smt
16piv2
(
1− cosα
sin β
sin(β − α)
)
≈
√
3Nc
√
smt
8piv2
.
(1.18)
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The contribution proportional to sin(β − α) in the amplitude above arises from
h-exchange, and while it is equal in magnitude to the contribution from Higgs-
exchange in the standard model it has the opposite sign!
Finally, the leading contributions to tt¯ elastic scattering in this energy regime
comes from Z- and h-exchange. As the coupling of the h to tt¯ is approximately
the same as that of the standard model Higgs, cf eqn. (1.13), this amplitude is
negligible.
In order to judge the relative importance of Ael and Ainel, we perform a coupled-
channel analysis of the spin-zero, weak-isosinglet, color-singlet VLVL and tt¯ states.
At tree-level, the amplitudes for tt¯→ VLVL and the reverse process VLVL → tt¯ are
real and, therefore, equal. To perform the coupled-channel analysis, we consider the
scattering matrix (At ≈ 0 Ainel
Ainel Ael
)
. (1.19)
Unitarity requires that the real part of the largest eigenvalue of this matrix be less
than one-half [11]. This yields the constraint
2Ael + 4A2inel <∼ 1 . (1.20)
From this we see that the inelastic amplitude dominates the unitarity constraints in
this regime if 2A2inel > Ael. (Note that, the contributions to overall unitarity from
both processes scale like s.) From eqns. (1.17) and (1.18) we see this occurs only if
v2 ≤
√
3Nc
8pi
mt ≈ 105GeV . (1.21)
Can v2 be this small in the two-Higgs doublet model? Consider scattering at
high-energies,
√
s≫ mH . In this region, H-exchange contributes significantly to tt¯
elastic scattering. The contribution to the spin-zero color singlet amplitude coming
from H exchange is [12]
At(tt¯→ tt¯)|√s≫mH = −
Ncm
2
t
16piv22
. (1.22)
Unitarity implies the absolute value of this amplitude must be less than one-half.
This yields the bound
v2 ≥
√
Nc
8pi
mt ≈ 60GeV . (1.23)
Comparing eqns. (1.21) and (1.23), we see that one can consistently arrange for
the inelastic amplitude for tt¯ → VLVL to dominate over the elastic amplitude for
VLVL → VLVL without violating unitarity in elastic tt¯ scattering at high energies.
In order to determine whether one can saturate the bound on top-quark mass
generation, however, one must see if the H-boson mass can be made as large as
4
the bound in eqn. (1.1). That is, from (1.8), we must ask how large λ5 can be.
Consider the the tree-level amplitude for spin-zero hH → hH scattering. From
(1.6), we calculate
AhH(hH → hH)|√s≫mH = −
λ5
16pi
. (1.24)
Requiring that the real part of this amplitude not exceed one half (in absolute
value), we find λ5 ≤ 8pi and hence, from (1.8),
mH ≤
√
4piv ≈ 870GeV . (1.25)
Since the bound (1.25) is much less than 3 TeV, we conclude that it is not possible
to saturate the bound on top-quark mass generation in the two-Higgs model. This
conclusion is consistent with that obtained by considering the triviality of the model
[13].
In summary, while it is possible in the two-Higgs model to arrange for the
inelastic scattering amplitude tt¯ → VLVL to dominate over the elastic VLVL →
VLVL amplitude, one cannot saturate the bound on top-quark mass generation
while maintaining unitarity in Higgs scattering at high energies. The situation is
analogous to that of trying to saturate the scale ΛEW [3, 4, 2] in the standard one-
doublet Higgs model. In that case as well, Higgs scattering [3] and triviality [14]
preclude making the Higgs boson as heavy as ΛEW .
Finally, we note that the lower bound on v2 (1.23) is approximately saturated
by the “top-Higgs” in topcolor-assisted technicolor models [15]. However, in the
simplest version of this model the top-Higgs mass is proportional to v2, unlike the
relation found in eqn. (1.8). It is interesting to speculate whether the bound (1.1)
could be saturated in a variant topcolor-assisted technicolor model.
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